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In this paper, we solve the problem of hedging of a European option. This is done by
determining the optimal strategy for investing in the risky asset constituting the portfolio.
We assume that the payoff [T of this contingent asset at maturity date T does not only
depend on the price 5; of this risky asset to which it relates. But it also depends on an
unobservable random variable E. In addition to the risky asset, the portfolio for this
hedging contains an asset whose price 5¢ on each date ¢ before maturity is a deterministic
function of a stochastic short-term interest rate . The dynamics of the process (7 Jgs ¢= 7
is that of the CIR (Cox, Ingersoll and Ross) model. which does not give negative values
according to the parameters of the said model. We use classical filtering theory and
stochastic partial differential equations (SPDE). Thus, we move from the partial information
to the full information. Then, we use a stochastic maximum principle that we established
with the backward stochastic differential equations (BSDE) to determine the optimal

Zakai equation. . . ~ - . . . .
d investment strategies (fi;)pe rer and(#@l)ge;cr in the risky asset respectively in the

presence of the option and in its absence.

© 2022 EAL All rights reserved.

1. Introduction

Nowadays, we witness an appalling development of risk management and profitability products in
the financial markets. Along with the development of pricing methods for calculating the prices of derivative
products, we are witnessing the development of hedging techniques for the coverage of these contingent
assets. In fact, since the economic upheavals of the 1970s with the abandonment of the Bretton Woods
system, the deregulation of financial markets by the desire for globalization, the global economic and
financial environment is now facing macroeconomic imbalances and large variations in interest rates,
exchange rates with the oil shocks and increased business risks. We are now experiencing strong volatility in
interest rates, exchange rates, and commodity prices. This global economic instability is marked by various
crises, some of which are: The 1973 oil crisis, the subprime crisis of 2008 and the economic crisis of Covid
even if it is more social. Thus, alongside traditional financial products we are witnessing a development of
specialized derivative assets. With regard to these specialized contingent assets which are risk hedging tools,
alongside the vanilla options such as European calls and puts, we now find exotic options. Next to the main
places financial institutions such as NYSE (New York Stock Exchange) there are specialized financial markets.

Derivative products have taken an increasingly important place at the global level in the profile risk
and profitability of financial institutions. They are used by financial institutions both as risk management
tools and as sources of income.

If the use of options is an effective instrument for risk management, calculate its price and covering
its requirements is a difficult fact for its issuer given the risks it faces transferred to the payoff of uncertain
character. Several authors have tried to solve this problem (see [6, 14, 17, 22, 24, 27, 29, 30, 34]). In
incomplete but viable markets, in the absence of strategy replicating an option, one is led for the management
of the portfolio either to the maximization the utility of the terminal wealth of the portfolio (see [6, 12, 22, 24,
30]), or to the minimization of related risk (see [4, 23]).

In this paper, we solve the problem of hedging of a European option with maturity T on a risky
financial asset which at any date t € [0, T] the priceis S,. The stochastic interestrate 7, on the market is
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described with CIR model. We assume that the option’s payoff II depends on the price of the observable risky
asset Sy and an unobservable random variable Z+ which represents all uncertain events related to the market
environment. As in [6, 12, 24, 30] using the improved Black-Scholes model, we assume that a factor p of the
drift of the risky asset is a function of both the interest rate 1; and the unobservable variable Z,.However
here, we consider the general case where ¢ is not only an affine function of these two variables but some
deterministic function. This is also contrary to certain articles where it is rather volatility which is the
unobservable variable.

The value X" of our portfolio at date t consists of, on the one hand, the price S, of the risky asset
and the §? price of an asset which is a deterministic function of the stochastic interest rate.

We propose ourselves determine the optimal investment strategy  (ii,) g ;=7 representing the
optimal quantity of risky assets to invest in the portfolio in the presence of the option and the same strategy

(1i2) < .= ¢ in the absence of the option. The optimal control (#i,) 5=, represents at each instant t the
quantity of risky asset to invest in a portfolio under the condition of maximizing the utility of the terminal
wealth of the portfolio and must be adapted to the natural filtration generated by the observable variables: 5,
7;. This being seen as a problem under full information. Unfortunately, the direct resolution of this problem
can lead to the fact that this optimal control also depends on the unobservable variable (Z.} g= ;= + which
makes it a problem under partial information. We assume that our economy agent is in a buy and sell
situation. With a financial portfolio model of Black Scholes, we base our hedging strategy on maximizing of
the utility of wealth terminal of the portfolio. The use of the unobservable variable Z, leads to considering
the problem as being under partial information.

The authors in [6], [12], [30] have considered this problem but with a constant interest rate or
deterministic and as the only observable variable the price of the risky asset §,. Here we consider a stochastic
interest rate and two observable variables. The following section 2 presents more the problem, the
motivations, the model, the method of resolution and some definitions. Section 3 is devoted to the passage of
the problem under partial information to the problem under complete information thanks to Girsanov’s
theorem. Indeed, any control strategy (fi,) y= .7 must be adapted to the o —algebra generated by the
observable variables (§;, and ;). In section 4, we present a stochastic maximum principle established,
necessary for determining optimal strategies. This is done using the Hamiltonian and the adjoint equations.
Section 5 is devoted to the application of the previous tools to the resolution of the problem.

2. Motivations, problem and model

In a financial market faced with several assets, we must choose the optimal quantity to invest in each while
taking into account the risks linked to the market environment and the expected gain. We consider here the problem
of management of a portfolio comprising two financial assets whose prices at date t € [0,T] are respectively S,

and §2. The risky asset is of price S, and the one we qualify as semi-risky of price 5 with a stochastic short-term
interest rate 7; , unlike the authors in [30] and [6] where it is deterministic or constant.

In this work, we consider the problem of an economic agent who sells at price x an option European payoff
{1 on a risky asset and wishes to cover this payoff with an optimal strategy investment in this risky asset. For a
European option of horizon T on the risky asset subject to basic risks and uncertain B with the payoff [1(S;, B) and
a utility function U, the problem of the economic agent is on the one hand to cover this contingent asset determining
the optimal strategies i and i° for investment in risky assets respectively in the presence of the option and in its
absence. The economic agent sells the option at price x and buys this same option at price p® from another agent to

cover it. Therefore, this problem can be seen as a reinsurance problem. Market being viable but incomplete, for the
determination of the optimal values, it is based on the maximization of the utility of the terminal wealth of its
portfolio X ;'u . For the coverage of this contingent asset, it assumes that the payoff is rather I(Sy, B(z7)+ B)

which depends on the price of exercise Sr of risky asset and subject to certain basic risks related to the market
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environment denoted B(zy) + B which is an unobservable random variable due for example to transaction costs

(cost of transport, of transit, etc.), inflation, natural disasters, etc. we propose to determine the optimal quantity to
invest in the risky asset. We use the variable z; to describe all the unobservable risks and uncertain related to the

market environment at a date t, the value of the economic agent’s portfolio is described with the variable Xf i
under the strategy u, and the initial wealth x with which he invests the quantity i, of wealth in the asset risky and
the remainder X;"* — u,in the semi-risk asset. The financial agent holds in his portfolio at time t in addition to the
risky asset whose price is S;, a semi-risky asset whose price S? is a deterministic function of a stochastic interest
rate 7;.

The above problem was considered by the authors in [30], (see also [12], [6]). However, they were interested
in classical utility indifference pricing and they also assume that the interest rate was deterministic. In this work, we
assume that the interest rate is stochastic.

Given a finite horizon 7, we consider a complete filtered probability space (Q, F, {F:}oepmn; P). Let

(th, th) th) . . . . .
0<¢<T two Brownian motions. The financial market is made of two assets: one risky
asset whose price is S, and one semi-risky asset whose priceis S7 at time ¢ with following dynamic:

0<t<T” (

ds? = rSPdt, Sy >0 (1)
Where 7, is the interest rate.

As in [30], we assume that the dynamic price of the risky asset is given by a stochastic factor model. In
particular, we assume that its drift depends on an unobservable factor z, We assume that the drift of the risky asset

4 also depends on interest rate 7.. Thus the dynamic of the risky asset is given by the following SDE:

dSI =u(re, Z) g di + o Stthl, So=15>0. )

Where u is a deterministic function.

To remove the objection related to the possible negative nature of interest rate derived from the Gaussian
model of Vasicek, Cox, Ingersoll and Ross (1985) introduced the so-called “’square” root model, on the spot rate, in
the risk-neutral universe. So in this work we let us retain the following CIR interest rate model:

dry = a(b—r)dt + oo/ dW2, 1790>0, 09 >0, 03 <2ab )

In this work, we are using CIR(Cox, Ingersoll and Ross) interest rate model.
Uncertain related events to the market environment can have a positive or a negative effect. So we assume that
the unobservable external factor {Z, ¢> 0} satisfy the following Ornstein-Uhlenbeck process given by SDE:

dZi= k(B — Z)dt + o:dW?2, Zo, 53> 0 (4)

Let 5, be the amount of wealth invested in the risky asset at time 7. Let {X;"",t € [0,T]} be the stochastic

process modeling the evolution of portfolio wealth. We writeXf " to say the value of the wealth at time #, with
initial value x under the strategy u. Then by the self-financing condition, X f " is given by:

.- dS; . as? (5)
dXt ZUt?t + (Xt —’LLt)S—?t

o [M(rt’ Zy)dt + Ulthl] + (X" —wy) redt, Xg" =z

To summarize, we have the following system:
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dSt = St,u(rt, Zt)dt -+ Stalthl, S() =s>0 (6)

dry = a(b—ry)dt + Ugﬂde r9>0 09 >0, 03 <2ab
dZt = k(ﬁ — Zf)dt + Ugthg, Z()7
480 — r,S0dt, S0 0

dX[" = X"+ u (p(re, Zi) — re)] dt + wor dW, Xg" =2>0

where 01> 0, 02> 0, 03> 0 are positive constancies. u a deterministic function of 7 and Za b, k,f the

constancies.
Problem:

For the payoff [1(Sr,B) of European option and a utility function U, the economic agent sells the option at the
price x. He receives x and uses it to reinsure himself with another economic agent by buying the same
contract at price pb. While trying to maximize the expectation of the utility of the terminal wealth of his
portfolio, his problem is: Determine the optimal management strategies (1;)o<¢<7, (@g)ogtST representing
respectively the quantities to invest in the risky asset in the presence of the option and in its absence, in the
aim of maximizing the utility of the terminal wealth of its portfolio. That is to say the following mathematical
problem: Determine the optimal

strategies (1 )o<;<7 and (ﬁ?)ggéj-, so that:

Vil — ") = sup BIU (X7 4 T(S7. B)| = BIUXG™ " + (S B)) (7)
Vo(w) = sup BU(X7")) = BIU(XF™) ®)

with U,g C R the set of admissible strategies wu, Flor)- progressively a.s measurable, contained in
a bounded closed set. The optimal control (i.) .. is the optimal strategy allowing the economic agent to
cover the option with payoff (s B(z;)+B) by maximizing the utility of the terminal wealth of its
portfolio with the purchase of this option; ( #%),. .., this optimal strategy in the absence of this contingent
asset. The observable variables are S¢ and r:. The set of information at date ¢ is the o- algebra F: = Fis1) =
0(se,1rt1,0 < t1 < t) generated by all random variables Sipand 1,0 S t1 < t.

Consider: ;! = log S}, Y;?> = 7, we have S; = exp Y;!, and (6) becomes:

[u (re, Zy) — —01] dt + o1dW}, YO1 =log(s)
d = a(b— r)dt + oo\ /TrdW?, YE >0 o3 <2ab
dZt = k(B — Z;) dt + pro3dW} + poosdWE + o3/1 — p2dW}E + o3\/1 — p2dW2", Zy
dX[" = [ X" + ug (u(re, Zy) — )] dt + oyudW, Xyt =x>0

(9)

where p1 = corr(WLW3), p2= corr(W?2 W3) are respectively the correlation coefficients between W*and W53,
Wzand W3. (WL, W?2) and (WL, W21) independent.
With assumption B = p(z.) 4+ B, where B is a smooth function and 3 is a random variable independent of

Fr.we can write (7) as follows:

Vii(z) = sup E[U(X3" +1(Sr, B))] by independence of g and Zr. (10)
u€EU,q

s E { / U (X5 4 11(Sy, B(Zr) +B)) dIP’B}
U€EU4q R

- E [ /R U (X" + 1157, B(Zr) +)) dIP’B}
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3. From partial to complete information

We go as in [2], [6], [12], [24], [30] using filtering theory with the Zakai equations to transform the
control problem (9) - (10) to partial information into complete information problem. Unlike in [24] where
one replaces only Z: with its conditional expectation knowing FYr, Here, we are going to use as in [6], [30],
[12], [2] the property of iterated conditional expectation and replace any function f{Zr )with its conditional
expectation knowing F¥r, but here with two observable variables (Scand rt). Let us summarize a brief general
result presented in [6] and [30].

Given two independent Brownian movements W and W< respectively p and g- dimensional, ( ¥;)ost<r
the observable variable n-dimensional, (Z:)os:<r the variable not observable m-dimensional with dynamics:

dY; = h(t, Ze,Yy)dt + o(t.Y2)dWy, Yo a
dZ; = g(t. Ze. Ye)dt + a(t, Yo, Ze)dWy + ~(t, Yo, Z)dAWE, Zo =

We assume the following:
i) h(tzy):[0;T] x Rmx Rn— Rris globally continuous and of linear growth (in z and y:

|h(tzy)| < k(1+ [z )+ |y [).

i) g(tzy):[0;T] x Rmx R"— Rmis uniformly continuous in z, y is bounded and twice continuously

differentiable with bounded derivatives.

iii) U(ta y) : [OQ T] X R" — L (R",RP) uniformly continuous, bounded, three times continuously
differentiable with bounded derivative, satisfies the following:UU/ > M for all y and t, for some
constant A > 0 (uniform ellipticity condition). }(uniform ellipticity condition).

iv) @(t,2,9) + [0,T] x R™ x R" — L (R™,RY) ,~v(t,z,y) : [0,T] x R™ x R" — L (R™,RY)
are uniformly continuous and « is uniformly elliptic.

v) h,0,g and y are globally lipschitz of y and z.

Remark 3.1.
As mentioned in [6], [30], these general results can well be applied to our initial model although the drifts are
not bounded. A standard localization of the argument can be used to have a linearly increasing drift.

Let De= D(t,Y:) = (00 )(¢,Y:) which we assume to be symmetrical and invertible. ¢(t) defined by :

doy = —pth” (t, Zy, Y1) D, * (1, Y)dWy, o =1

¢ is a supermartingale with E[¢¢] = 1 Vt € [0, T]. Therefore by Girsanov’s theorem, we define a new
probability measure P such that vVt € [0,T]

dP

| T ( dP = ¢ dP

St on FyVt € [0,T]).
and there exists a Brownian motion W under P such that: dY:= o(tY:)d Wt

N =

aZ; = |g(t, Z i) = o7 (b, Z, YORT (4 Z, YO D, * | dt +

+al'(t, Z,, V3D, 2dY; +~(t, Zy, Yy)dWE.

; Let (Yt € [0,T]) be the process defined by: 3
dYy = D= (t)dY; (12)

Then ¥ is a Brownian motion under P and Yand W* are two independent Brownian motions(see[2]). In

Y _ Y
addition, using the fact that D:is invertible, we have that: Ft = St . Let us set
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1 t .
K=t = oxp{ | 06z vap s,
0
t

Then K: is a martingale.
Let
¢ = (6(t,z,w), (t.2,w) € [0.T] x R? x Q)

dy 3 3 oo . -
be a process such that for all feCrRY) . Where °C§ URd):space of functions C* on R4 with compact
support.

We have:

E [f(Zt)Kt‘Sz/] = /Rd f(z)gi)(t,z)dz,(B)

. Y
E its expectation under P Then ¢ (t, z) is called the unormalized conditional density of Ztgiven St
Applying the theorem of Ito to (K¢f(Z:))and using the integration by parts, ¢ satisfy the following Zakai

equation (see [6], [ 0], [2]):

do(t,z) = | = Z Z o0, { 9 "}-‘t + f}-f:\-f]i?j o(t, ,)} - Z thgﬁ dt+

h— Z {)’ .;))] dYs;  6(0,2) = &(2)

=L5 (L, 2)dt + M*d(t, 2)dYs;  &(0.2) = £(2)

(14)

where £(z) is the density of Zo

2 i z
o) = 533 82?823' {r+aat)oa} - %j))

7

= L£¢(t,z) —|—i¢(t z)
M*p(t,z) = h— Z B, 2))dY (t)

By combining (9), (10), (13) and (14) we transform the control problem under partial observation into a problem
with SDE into a control problem (9) - (10) at full information with PSDE:
Vir(z) = sup E |Krp / U(X7" +T(Sr, B(Z7) + 5))d]P>B]
uGUad L R

= sup E |E [KT/ U(X7" +11(St, B(Zr) +b))dPB‘§¥TH
UEU 44 R

Vii(z) = usé%lid E /R/RU(X;“ +(St, B(2) + b)o(T, z))d}P’de]

E UR /R U(XE" +T1(St, B(2) + b)) (T, z))dIP’de]

With ¢(t,z) according to (14) solution of the stochastic PDE:

(15)
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p(re, z) — 303 — plagg—f(t z)] dYy' + |a(b— 1) — Jgpgg—f(t, 2)| dY?

L o(t, z)dz‘ + Mio(t, 2)dY; + M3o(t, 2)dY,?
(2)

ao(t2) = o3 >—k<6 )% (t,2) + ko(t,z)| dt
+

(0, 2)

(16)

With u a function such as the last equation of the system which is an SPDE admits a unique strong solution.
let’s remind that Y: = logS:, we have S:= expY:, from (9) the fact that :

dS; = 22 dt + SpdVE, So = s
dry = dY?2, 70
dth’u = [TtXt — ut(rt — %O’%)] dt + Utdnl./ Xg’u = x. (17)

Finally by combining (17), (16), (9) we have:

Sy = T2t dt + 01SdY, Sp=s
dry = 09/TdY}?, ro,
dX;" = [re X" = wi(ry — —01)] dt 4 uodY;, Xyt =uw

9¢

2
do(t,z) = [Ugg(t, z) — k(B — z)&(t, z) + ko(t, z)] dt

+ {u(rt,z) 5

= Lyo(t, z)dt + M; p(t, 2)dY;" + Ms (¢, z)dY}?

10% — pm;;%(t,z)] dyt + [a(b — 1) — ngg%(t,z) dy;? 9(0,2) =£(2)

(18)
4. A sufficient stochastic maximum principle

We will establish in this section, a stochastic maximum principle that we will use in the next section
to determine the optimal amount to invest in the risky asset, the optimal value of the portfolio at each instant.
Unlike as in [6, 30], we will use two observable variables.

Let T be a fixed exercise date, (€, F,{Ft}oeo,) ‘P). a filtered probability space on which we have two
Brownian motions W' and W2. We consider the controlled diffusion below which describes the dynamics of
the various state processes:

dY; = b1(t, Y, we)dt + 011 (8, Y w)dW + oo (8, Yy we ) dWE, Yy =g
AP = by(t, Y72, ur)dt + o1 (£, Y7, up) AW + 002(t, Y2, ue)dWE, Y& =5
dXt - b3(t7 Xt7 }/tl’ 1/7-527 Ut)dt + 031(t7 Xt7 ut)thl + 032(t7 Xt7 Ut)dWE, XO =T
0 0
do(t,z) = [Lo(t, 2) + ba(t, 2z, (L, 2), £(t’ 2)), utldt + oa1(t, z, (¢, 2), a—f(t, 2), ug)dW}
0

+ 042(t7 2 Qb(t, Z)v 0_¢(t7 Z)v ut>th27 ¢(07 Z) = 5(2)7 z€eR

| Hhm o(t,z) =0 Vte[0,T]

zZ||—+o0

(19)
where L is a linear differential operator. b1, bz, b3, b4,011,012,021,022,031,032,041,042 the given functions satisfying
the conditions of existence and uniqueness of strong solutions of the above system, and L* the formal adjoint
of L.

Let fand g be given functions C'in their arguments. We consider the objective function:

T
Jo JRJR

+/ / g(z7YﬂlvYIZ7XT7¢(T7z)757uT)dZdPB
R JR (20)
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We note Uqdthe set of admissible controls contained in the set of controls F:— predictable such that the above
system has a single strong solution and

E | fy fu Ji | £ (02 Vi Y2 Xa, 08 2), by | dzdPdt+ [y fi |9(2, Y3, YE, X, 6(T, 2),b,ur)| d=dPg] <

Problem 1. Determine the value function

J(iu) = sup J(u) (21)

uel, 4

under conditions (19).

That is to say to seek the optimal control # € U, which maximizes the objective function J
As such, we define the associated Hamiltonian by:

H:DTxBxR2xRxR2xRx R xR« RY—R

H(t.z, g1, y0. ¢, 0,0 w. p1.p2, p3, Pa. 41, q2- 43, 44, G G- . 4}) ( sy o up, g q)
with y = (y1,32).» = (p1. P2, P3. P4), 0 = (q1. 2. @3, fm) ¢ = (1. 95 93 94)-

H(t, 2 y1,u2, w0, ¢ u,p, g, q') :/ Ft, 2, y1, 92, 7,6, b,u)dPg + by (t, y1, u)p1 + ba(t, y2, u)pa

+by(t, g1, yo, w, w)ps + ba(t, 2, 6, ¢, w)ps + o11(t, y1, w)qr + o21(t, y2, u) g

+ oy (t.w,u)gs + o4y (t, 2. b, & u)gy + opa(t.yr, u)gq

-+ 099 (?‘. 12, -‘u.)qé + 032 (f. T, 'u)qé + (I4~2(f. 2,0, @, 'u)q:l

(22)
Where ¢ = %.\R’e suppose that H is differentiable in the variables y1, 2., ¢ and ¢ .
For u € U., we consider the adjoint processes satisfying the backward stochastic differential equations in the
unknownpl (ta Z)a q1 (t Z): Q£ (tv 2)7]72(757 Z)v qQ(ta Z)a q/Q(t/ Z)p3<t/ Z)? q3(t7 2)7 QS(tv Z),
/

pa(t, 2), qa(t, 2), qu(t, 2) € R ith the system of adjoint equations:

—dpy = 5L (t, 2)dt — qudW}! — g, dW7, pi(T,2) = [o g—i(z,B)dPB
—dpy = %(t 2)dt — qedW} — qod W2, (T, 2) = Jp g—y’;(z, b)dPg
—dps = 2L(t, 2)dt — gzdW} — q5dW7, p3(T,2) = [ %2(2,b)dPy
—dpy = O—I;(t 2) + L¥py(t, z) — adz (0%55,2))} dt — qudW}! — qudW2,ps(T, 2) = fR g—g(z, b)dPg

|—|

;o lim o pa(t,2) =0
llz]|—+o0

(23)
With short notations:  g(z b) =g(z Y7, YA Xr.9(T.z), b, ur) and
H(tv Z) = H(ta Z, Y;‘/lv }/;27 Xtv ¢(t Z), (b (ta Z); ’U/t,p(t-/ Z)? Q(t7 2)7 q (ta Z))

Remark 4.1.

If we suppose for example that the coefficients of the controlled diffusion, and our functions are fairly
regular then there is existence and uniqueness of classical strong solutions of our backward stochastic
differential equations as well as of the backward stochastic partial differential equation constituting the process
of associated adjunct equations.

We have the following theorem:

164



Theorem 4.1. (A Stochastic Mazimum Principle)

Let @ € Uyg with the corresponding solutions Y1 Y2, Xy, d(t.2) of (19); p = (p1, po.p3.ps). 4 =
(‘?1: CjQA‘ @3: é4)a éf = (él: éQ'- @3: éﬂl) Of (21) and (23)

Let the following conditions be satisfied:

(1) The function g : (y1,y2.7,¢,u) — g(z.y1.y2. 2,6, b, u) is concave in yy,ya.x and ¢ for all
/,GRbGRtLEUad

AAAAA

(3) The function h : (yLyQ.;r.,gb._qbl) — H(t. 2z y1.y2.20.6.¢ 0, p.4.4) is concave in y1.y2. . ¢
and ¢ for all (t,2) € [0,T] x R
(4) With the integrability conditions below satisfied:

2
E [foT I {(011 = 611)2 p}(t.2) + (012 — 612)? B (L 2) + ( )
, f\2 a2 . ) 2
(Y= Y4) 01(t.2) + (om = o) B3 (t.2) + (022 — 20)* (1. 2) + ( Y?) Bt 2) +
V2 —Yf) 5t 2) + (031 — 631)2 53(1, 2) + (032 — 632)* P3 (¢, 2) + (Xt -X ) @3 (t =)+

A N2 A
(Xt — Xt) g’g(f,;;)} dtd;:] < 00. and

, i 2 A
E [IE e {(041 — o) (1.2) + (42 — 602) (1. 2) + (0(8,2) — du(t.2)) @B (r.2) +
“ 2.0
(@(t.‘ z)— Q‘Jl(t_._/‘.’)) q’4(f,:;)} dfd;;] < 20
Then the control i is optimal for the problem (21).

Proof. .
. Let us show that J(4) > J(u) Yu € Ugg.
Recall that

H(t, 2. 2. 70.0.¢ w.p.q.q) :f Ft, 2, g1, y2, 2, 0,5, w)dP g + bi(t, y1, w)pr + ba(t, y2, u)p
R
+ ba(t, y1. y2. @, u)pg + ba(t. 2, &, &' w)ps + o11(t, y1. w)g1 + o2 (t, y2, u)g2

+ oa1(t, 2, u)ga + oar(t, 2, b, @ u)qa + oralt, y1,u)qy
+ 9o (t, o, w) gy + 032(t, 2, w)gs + oaa(t, 2, &, ¢ w)qy.

Let’s pose X
H(t,2) = H(t, 2, Y}, YQ:Xt,ut o(t,z), (t,2), 0,4, 4),
H(t,z) = H(t, /,,yl V2, Xt Gy, 0(t,2), 6 (t.2), .4, ¢'),
f(t, z.b) = f(t ,,.,yl y?,xf @(., ). b. ). f(t.2.0) = f(t. 2. VL. Y2 X0 0(t, 2).b. @)

)=

el IS

=
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bi(t) = by(t, Vi wg), by (8) = by (1, V4, i),
ba(t) = by (t, Xo. Y1 Y2 uy), b _
ba(t,z) = bu(t, z, &, 2). & (£, 2)). we), ba(t,z) = ba(t,z, d(t,2), b (£, 2), a(t)).
)

011(17) = 011(?‘, Y;l_. ut)._ (}11(?‘) = 5’11(t_. }A’;l, Ut ), 612(17) = 012(?‘, } ut) 012(1‘) = Jlg(t } L ?tt)._

Ta1(t) = o1 (8. V2 wp), 621 (t) = G01(t, V2, 11y), o2a(t) = oan(t, Y2, wy), Go2(t) = Gaa(t, Vi3, iiy)
o31(t) = a1 (t, Xp. ug), 631(t) = d31(t, X, ), o30(t) = o32(t. Xy, ug), b30(t) = b3 (t, Xy, tiy),
oai(t.2) = our(t. 2. 8(t.2). ¢ (t.2),ug), Ga1(t2) = Gar(t, 2, 0(t, 2). & (¢, 2). ),

oua(t, ) = oga(t, 2, d(t, 2), ¢ (t,2), us), Gan(t) = daa(t. z, c;(t z), o (t,2), 1)

prL= Pl(}f 2).p2 = pa(t.2). 3 = Pa(t. 2). s = Pa(t.2). 1 = q1(t.2). @2 = Ga(t, 2). 43 = qs(t. 2). Ga =
Ga(t,2).q'1 = q'1(t.2), 4"y = ¢5(t,2), ¢'5 = ¢'5(t. 2), ¢’y = ¢/4(t. %), we have :
/ f(t,2,b)dPg = H(t.z) — by(t)p1 — ba(t)pa — bs(t)ps — ba(t)ps — o11G1
R (24)
— 09142 — 03143 — 04144 — 012¢"1 — 022q'y — 0324 + o424}
/ f(t, 2. 0)dPg = H(t.z) — by (t)p1 — ba(t)p2 — b3(t)p3 — ba(t)ps — 61141
R (25)
— 2102 — 63143 — Ga1G1 — 01241 — F22¢'9 — F3243 + a2y
J(i) — J(u) / /] f(t,z,b) — f(t,z.D))dtd=dPg —0—[] §(z.0) — g(2.b))d=dPg (26)

=hL+1Dh
From (24), (25) and (26) we have:

I =E [ / / / f(t,z b))dtdzd]P’B}

:E[// f](t,z)—H(t,z)—(Bl(t)—bl(t))]ﬁl(t,z)—(EQ(t)—bg(t))ﬁg(t,z)—(Bg(t)—b3(t))]33(t,z)
0 R

— (B4(t Z) — b4(t z))ﬁ4(t,z) — ((311@) — Ull(t))(jl(t, Z) — ((321(t) — 021(t>)(§ (t )
— (631(t) — 031(1))d3(t, 2) — (6a1(t, 2) — oa1(t, 2))da(t, 2) — (G12(t) — o12( ))QA
— (o

22 — 022 ))é’Q(t,z) —(&32@) — Ugg(t))(]Alg)(t, Z) (0'42(t z) — 042 )) }dtdz]
(27)
[/ f {9(2,0) — g(=, b)}(LxIIP’B}
>IE:[ {52C0 (% = Xr) + 52D = V) + 52 0 (7 - V)

09

(/.. D) (m(T 2) —o(T.2)) }d/,dP]B] according to the concavity of gin Y1, Y2 X and ¢

a4g g
_E U {(xT—xT)f /(. B)dPg + (Vi — Y, )f d}"l (=.5)dPg + ( 2)] 9 (= 5)dPg
+ (@(T, 2)— (T, ;,)) / gu (=, b)d.]P’B}d;;} since Y1.Y? X and ¢ thus depend on b
R U@
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=E {]}r {(}A"]} ~ Y] pu (T, 2) + (}T - Y )pg(T. z) + (‘ET — X7)ps(T, 2) +[r§(T. 2) — (T, 2))pa(T, .:)}d.:}
dg g

—(2,0)dPz, po(T. 2) = | —(z, B)dPg
[ DRy (1) = [ 52 By
dg

5%
ps(T, :):f%(:.b)dﬂrg and  pa(7. 2 )*/ 3 (z.b)dPg,
R UX 0]

hence from(23) p1(T,2) =

P1(T, 2) :/ gg (2,0)dP ., pa(T, 2) = /gg (z, B)dPj

hence from (23) Y1 Y2
35(T, 2) = / 99 (. b)ap,, 7.2 = [ 290 byap,
p3 - R al Y B and p4 Y 8¢ B
—F U/ Dpu(t,2) + (Y =Y )dpi(t2) +d < Y = Y pu(t,2) > +d(Y72 - Y, )pg(t 2)

+ (V2 - YQ)dpg(t, 2)+d < Y2 = Y2, pa(t, 2) > +d(Xy — Xo)ps(t, 2) + (Xe — Xy)dps(t, 2)
+d < Xy — Xp, p3(t,2) > +d(d(t, 2) — o(t, 2))palt, z) + (o(t, 2) — ¢(t, 2))dpa(t, 2)
+d < ot z) o(t, 2),pa(t, z) > }dzdt]
=E [/ / — bl dt + (ﬁll(t) — Uu(t))dWl (t) + (&12(75) — Ulg(t))thQ) ]31(75, Z)
- ((Ba(t) = ba(t))dt + (51 (1) = o1 (D)AWL + (B2() = 22(0))AWE) (. 2)
ba(t) — ba(t))dt + (631(1) — o31(£)) AW} + (632(F) — 032(15))th2) ps(t, z)
(

((bs )
+ ((£(t,2) - ot
+ (04 )

(t, 2))dt + (by(t, 2) — ba(t, z))dt + (641 (L, 2) — oa1 (L, 2))dW}
G40ty 2) — oan(t, 2))dWE) pa(t, z) + (V! — 1@1)(_%}@, 2)dt + G (t, 2)dW}E + G, (t, 2)dW?)
- 922 2yt (e, AW + Gy, )

Iy
~ ((9H N 1 A 2
+ (Xt —Xt)(—%(ﬁ Z)dt+Q3(ta Z)th +QB(t> Z)th )

8H t,z
09’

+ (8t 2) = 6(t,2)) (( - %—;I(t 2) = L*pa(t, 2) + % (

) dt + Ga(t, 2)dW} + g, (t, z)th>

+ (611(t) — 011 (t))Gu (t, 2)dt + (612(t) — 012(t))d1 (, 2)dt + (Ga1(t) — 021(t))Ga(t, 2)dt
+ (622(t) — 022(1)) G (t, 2)dt + (631 (t) — 031(£))G3(t, 2)dt + (G32(t) — o32(t))G3(t, 2)dt
+(0a1(t,2) — 041(15 2))qalt, z) + (642(t, 2) — 0ua(t, 2))d4y(t, 2) }dz}

x|/ [ (00 00 52029 + (b20) 020 2102+ (B0~ )t )

+ <b4(t) - b4(t)) Pa(t,2) + L(S(t, 2) — ¢(t, 2))pa(t, 2) + (V' — nl)(—a—H(f 2))

o
(T2 = YRS 0 0) + (K = X (-Gt )+ (9(8,2) - 6(8,9) (- G (0:2) = Lt 2)

I
gz (8%;/ : ) (G11(t) = 011(8)) @1 (¢, 2) + (G12(t) — 012(t)) 1 (1, 2) + (G21(t) — o21(1))da(t, 2)

+ (622(t) — 022(1)) G5 (1, 2) + (631(t) — 031(2))Gs(t, 2) + (632(t) — 032(1)) G5 (¢, 2)
(61t 2) — oar(t, 2))ia(t, 2) + (Gaz(t, ) — 042(t,z))q;(t7z)}dtdz}

(28)
From (27) and (28) we have :
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J(Yl)—J( )>Il+12

_E [/ / — (b() — b1 () Pr(t,2) — (Balt) — ba(0))palt, 2)
(t) — b3 )pg(t z (b4(t Z)— b4 t z )p4 (A 1(t) —Jll(t))él(t, Z)
(021(75 — (721(15))(]2 ) — (031 ) — (731 t )Q3 — (U (t 2’) — 041(t,z))cj4(t,z)
— (612(t) — 012(t))¢'1 (£, 2) — (622 (t) — 022(75)) / ( - (652(75) — o32(t))¢'5(t, )
(042 t,z - 042(t,z))q/4(t,z) + ( — bl(t )p1 ( ( ) - bz(t))ﬁz(t,z)
+ (Balt) = bal®))alt, =) + (ba(t) = but >) At 2) + L ( (t2) = 6(t:2) ) pult, 2)
N OH OH N OH
- (thl - Y;S )a (tvz) - (Y YQ) ay2( ) (Xt - Xt)%(uz)
R ) LS R T ) T
+ (ot % ( 29/ ) (G11(t) — o11(1)qi (t, 2) + (G12(t) — 012(1)) 4} (¢, 2)
+ (621(t) — 021(t))q2(t, 2) + ((G22(t) — 022(1))gs(t, 2) 4 (G31(t) — 031(t))g3(t, 2)
+ (G32(t) — o32(t))g5(t, ) (6a1(t,2) — oar(t, 2))qa(t, 2) + (Gaz(t, 2) — oua(t, 2))qu(t, Z)}dtdz}
OH 5 d
=| [ [ {# - (0 -0 21 - (5200 va00) 2,
(&) - X)%f (1:2) = (3(0.2) = 6(0.2) 5 (1.2) + (9(8.2) — 9(0.2)) 5 (Wg;z;@
+ L (d(t,2) - olt, z)) Pa(t, ) = (9(t,2) = 6(t,2)) L pu(t, 2) fdtd|
=| [ [ {# - (0 -0 212 - (520 -2 2,2
(%) - Xt)%f (1:2) = (3(0:2) = 6(0.2)) G (02) + (3(8.2) = 6(0.2)) 5 (‘”f;;; Z>)
+ L7 ((t.2) - olt, z)) Pa(t2) = (J(t ) — (¢ 2)) L put, 2) fdrd] !
OH 5 d OH .
=FE / / — a—i(t, 2) (Y -V - GZ (t,2) (Y2 - Y?) - a—Z(t,z)(Xt 2.0
OH ) ,
-5 (b( 2)(0(1:2) = 6(1,2)) = 5o (1,2) (30 2) = 6/ (1,2)) Jdz]

29)

. Recall that: H(t,2) = H(t, 2 Y} Y2 Xy u, 6(t,2), 6 (t,2), 5,4 4,
H(t.z)=Hi(t,> }1}2\¢ i, r;( )r)( )pqq) ,
H(t.2, X, YLY 2 b0 . p.g)= sup H(t, 2. X, V! Y2 6.0 cu,p.q) VX, YLYZ2 6 ¢f

uelaqg
H(t.z)= sup H(t,2, X, Y'.Y2.6,0 u.p.q); H(t,2)=H(t, 2, X. Y. Y2 0,0, 4.p.q),

ueU,q

According to (29) and the concavity of h we have :
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OH 5 OH 0H .
- &—yg(t 2)(YP - Y7) - %(tvz)(Xt Xy) - 6—¢( 2)(o(t, 2) — 6(t, 2))
OH .,
~ 5 (1) 1:2) — 0(t,2)) fdndz]
>0
(30)
O
5.0ptimal investment
We obtain from section 3:
Sy = T2t dt + 015dY, So = s
dry = agﬂdf/?, 70, U% < 2ab
dX[" = [ X" —u,(ry — 30%)] dt + upordYy!, Xyt =uw
52¢> ¢
A6, 2) = |03 g2 (t,2) — K(8 — 2) 921, ) + holt, )| e
1 0 0 0.2) =
+ i) = 30t - o a‘f( ] ai + a0 = r) = oupa PP e ) arp 0 =)
= Ly(t, 2)dt + M é(t, 2)dY;" + M3o(t, 2)dY;
(1)

Xx,u
We find that only the process (X) depends on the control u.

Vir(z) = s%p E[U (X7 +11(Sr, B))]
uclUaga

= sup E [//RU(X%“—kH(ST,B(z)er)) gb(T,z)d]P’de}

uEUyq
. [/R /R U (X;i“ FII(Sy, B(2) + B)) (. z)d]P’de]

the objective function to be maximized becomes:

(32)

U / (X5 4+ T1(Sp, B(=) + B))] (T, z)dIP)de}
Let 925”(7f 2) d_(b (t,2),9'(t:2) = f(t’ 2) Applying Theorem 4.1 with the Hamiltonian:

o2s
1
H(t? Zs S,T,$,¢, ¢/7uapa q, q/) :%pl =+ [ rr — U(T - 501)]]93 + [ k(ﬁ - Z)¢/ + k¢] D4+ 015q1 + 01UQ3

1
+ [u(r, z) — 50% — p103¢'|qs + o2v/rgh + [a(b—r¢) — o3p20'] 4}
(33)

.The adjoining equations are given by:
2 ~ ~
{—dp1 (t,z) = [%pl (t,2) + o1q1(t, z)} dt — qi(t, 2)dYt — ¢ (t, 2)dY}?
b1

ou
(T.2) = ¢(T2) Jp 55P5 (34)
{ dpQ t Z [ r—1u p3 f Z) + %(T, Z)Q4(t, Z) + 2?;;(]%(1572) - aqﬁl(t, Z)] dt — QQ( )le - QQ(IL Z)dYQ
p(T,2) =o¢(T.2) [ LdPg
(35)
—dps(,y = Tp3(t, 2)dt — qs(t, 2)dY;! — g5 (t, 2)dY?
p3(T,z) = o(T,z2) f]R %dPB (36)
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{_dp4(t> Z) = [03%])4@7 Z) dt — Q4(t> Z)diftl - QZ(R Z)dfftz
pa(Tz) = [pUdPp (37)

The generators of some of these equations are linear in their arguments. There is existence and uniqueness of
the solutions of these BSDE in a suitable space of Banach. Moreover, the last equation which is an BSPDE is
classical thus, let p such that (18), (34)-(37) have a unique strong solution; see for example [3] .

Let i be an optimal control with the corresponding optimal processes X"" g 7, ¢, ¢r and the
corresponding adjoining equations with solutions:P1, P2, P3, P4, 91, 42, 43, 44, a1, @, q3/ q4.

U and IT are concave. It follows that the first condition of Theorem 4.1 is satisfied. H is a linear function of u. So
the first order optimality condition below:

First order optimality condition:

OH 1 . .
8—u(t,z) =0 (ry — 50%)])3(25,2) = 01G3(t, 2) 9)

The equation satisfied by ps is linear.

{_dﬁB(t,z) = Tﬁ?)(t? Z)dt - qA3(t> Z)diftl - (ji/%(ta Z)dffg

p3(T,2) = o(T,2) fp $=dPy (39)

Let us find a solution of (39) in the form
ﬁ3(t7 Z) = p(t7 Tt, ¢(t7 Z))thu + w(t7 St; Tt, ¢t) (40)

where y is a C* function in each of its variables with the differential form:

dp(t, S, 1, @) = O, dt + BrdV; + prdV} (41)
52

dp(t,re, d(t, z)) = [ + ( 352, (f z) —k(B—=z )—(f z) + ko(t, Z)> % 37 zf

-+ % |:<[L(7vt,z) N 1 plgs—(t z)) ((L(b —7ry) — ngz )) :| qub

+ o021t (a(b — 1) — Uspz )) o 8(1)] dt + (N(Thz) — l‘71 PlUs (t Z)) Lav}

+ [agﬁa + (a(b — ) — ngzg(t,z)> B_gb] dy;?
. (42)
We have:

A _ x,0 x,0 A 1 2 19J0) 8,0

dpg(t,Z) _dp(tartyqb(taz))Xt +p(t’ Tt7¢(t’2))dXt + 01Uy [L(’I"t,Z) - 50-1 _plo-?)a ( ) 8<z5dt

+ Odt + LAY, + BRAY?
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9 L2 9 dp 1, 02
dps(t, 2) = Ha—f+ ( af(t z)—k(ﬂ—z)a—f(t,z)+k¢(t,z)> %+ 5057 a—p

2 2
+1 <(u(n,z> - 5ot o202+ (o) - o ) il
2 N
+ ooy (o= ) - a5 (0.2)) +np<t,n,¢><t,z>>} X7 plt. v 0(t.2) )iy — S0

. 1 0 0
+ o1y <M(7”t72) —3° o} — p1o3 8¢( )> 8; + 9::} dt

1 0 0P v R ~
+ Hu(rt,z) — 50% — p103 8¢ (¢, z)} aZX p(t,re, d(t, z))uror + ﬁtl] dy;!

+ Hag\/r_t% + (a(b —r) — O'BPQ%(t./ z)> g—g] X5 [312} dy;?.

(43)
On the other hand, according to (39) and (40) , we have:

Aps(1,2) = —re [t O 2) X7+ (8 e, 60| b+ sV + T2

By identification of (43) and (44) we have:

8/) 128p

B 829 0¢

2 ) )
+% <<,u(7“t,z) n ; i p1032¢(t Z)) + (a(b — ) —ngg—?f(t,z)) ) _225)
+o T (CL(b —T ) — O; agb(t Z)) 62 +r (t T QS(t Z)):| Xﬂﬂ,ﬁ . (t r ¢(t Z))’& (7” . 10_2)
2Tt t spz—az ) Ordd tpP ts ; p(t, Ty, , (s S0t

+01 U (/4(7% z) — %U% — 9103g¢( )) 2_55 + 6y
= —rip(t,re, d(t, 2)) X" — rab(t, Sp, e, Bt 2)) (45a)

(r0.2) = g0t = proa G2 02) | SEXES 4 plt ot w4 5 = i) (45D)
dp

oo gl + (alv =) - oup 32 02) ) 2| X4 52 = )

(% + Lyt )% + bodr e + & (a7t ) + (M0t 2)) 5
+ o2/TeM5 (1, z>d7a¢ +2rep(t, 1, O (8, >>] X7 rap(t, Sire é1) + Oy
p(tre, (1, 2)) (re — $0%) — o1 Mi6(t,2) 58 . (46)

Ut =

We have by (45b) and the first order optimality condition (38):

= 307) p(t,re, ot 2) — Ulj\ﬁdtaz)g_g}Xf’& + (re = 507) ©(t, Sty e, 61) — 015}
Uy =
' O%p(t/ Tt,¢(t7 Z))

(47)
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The equations satisfied by p(t,7, ¢(t,z) ) and P(t, S, 7,¢.) are obtained by identifying (46) and (47) as a first
x,u

degree polynomial in X

Thus, we have

(48a)
5+ Ly(t,2) 38 + Sodr 3l + 3 ((Mro(t,2)" + (M50t 2))°) G5 + 02 FeME (1, 2) s + 2ruplt 70,612, 2)
plt e 0(t,2)) (e = 307) — o1 My o(t, 2) 58
(re = 507)p(t, 72, 6t 2)) = My (1, 2) 55
ofp(t,re. o(t.2)

®t + rtw(t: St*,rt*, ¢t) _ (Tf B %0‘%) I/J(f St* T'ts (bf) B Ulrﬁtl
[)(t,T’t,(f)(lL, Z)) (‘I't — %O%) — 0'1]\1{(/)(15 2)3—5) O'%/)(t. T't, ¢(ta Z))
(48b)
(48a)
dp 2 32/) 1 2 I 2\ &p &> p
or Lyt 2) 2+ son Bl 5 (7002 + (0(t,2)°) 8 + ooy Fib3o(t,2) 5
Tk ap
e = 50%) My (b(t,z)% 1, - op
—|—27’tp(t,7’t,¢(t, Z)) - ( O'% - Ulp(t,’l”t,¢(t,2)> (Tt - Qal)p@art-/gb(tz)) _01A[1 Qb(t, Z)a_¢

(49)
1S a parabolic . 1t uadratic util nction X) = —(x—ap)” and terminal condition:
(49) is a parabolic PDE. With quadratic utility function U(x) = —(x—a)? and terminal conditi

p(T.1r. ¢(T,2)) =2 $(T.2).  (50)

If for example we take :—'; = 0, by Feynman-Kac representation formula, we have p solution of backward stochastic
differential equation:

; (ry — 30%)? 2 152
d)t _ > 2rt }/;5 dt + Zt dlft 5 YT - _2¢(T7 Z)
1

7 (51)
t _1.2)2 T _1.2\?
p(t,r) =exp (/ <(7”507301) — 2rs> ds) E | -2¢(T, z) exp _/ (%) — sl ds | jre=r
0 1 0
(52)
Equation of
(48b)
ry—1o? M;o(t,z
rep(t, Sty e, @(t,2)) + O = [( = - il trt7¢)taﬁ ] — 30%) (t Sty 7, (t, 2)) — 016}
o, + (re — 30%) B Mio(t, Z)_g _ (re — 30%)? _ (re — 307) My o(t, Z)ﬁ o W S 6(1, 2))
01 P(t,rt, ( )) 0-% O'lp(t,’l“t,¢(t72)) ’ T ’

(53)
Let’s calculate @, and .
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dw(tv St7 Tt, ¢(t7 Z)) =

0 2 ~.| 0
(;f (t, Sy, e, O(t, 2))dt + { ,dY;}] %(t,&,m,qﬁ(t?z))
~ 2
FOn TG0, St ot AT + | [0 52002) — KB - 3 (02) + ko) a
0 ~ 0 ~o| O
+ [,u(rt,z) — %a% — p1aga—f(t,z)] dy;t + [a(b — 1) — USPZa—f(tvz)] dy; } az (t, St re, 6(t, 2))
2 2
b 3OS Tt S, (1 )t + 503r T Su, ot 2) )
2 2
—|—% </,L(7”t./2:) % 2 p1032¢(f z)) + < (b—ry) —a3p2g¢(t z)> ] g;;(t Sty re, d(t, 2))dt
0 H?
- [um,z) lor- plaga—f(t,,z)] o (1.1, 01, )

b, (0, 2))

+ oaT {a(b —14) — o3pa g¢ (t, )]

Orde
(54)

0 025, 0

O = 0t S r6t,2) + I (1 50,1, 2)
2
o352 02) — K6 - 25200, + bolt. )| 5208100, 2)
2 2
+30TSE D b 6(4,2)) + 503 T (1 Sere, 610, 2)
1 1 ) 2 o 92
#3 | (nr02) — 30 - 520 2) ) + (a0 T 2) ] St 81,r1,0(,2)
\ 2
+015; |:M(Tt,z) - 50% — plagg—f(t,z)} 0?6’;;5 (t,St,re, O(t, 2))
2

roay o =) a5 >] (S 011,2)
g = UlStgqé},(t Sty Tty ¢ { Tty 2 103?5(75 z) gﬁ(t Sty e, d(t, 2))
et O"(t2) =32t 2),¢/(t,2) = B(t,2)
After calculations, vsge 02bta21n with utility functlon U(x) =-(x- @)% lpsolution of the PDE: 52
&b S 0%y 0% 0%
Ot 5.m0)+ BT 1800+ 220 L 1,50 0) + £ [(70(0.2)) + (3000, 2) a2 (157:9)

- 0™ O o1 M{o(t.2) 35 | oy
+o1SMi¢(t, 2 )858¢(f S,r,¢) + oaV/rMs¢(t, 2)8 8¢(t S,r¢)+ 5 |r— W 8S(t S,7,9)

. s (r—30%) _ MW(t L ANE
[ —1ed)® Mio(t2)(r - %a%)g—g; -
N o? o1p(t,r, ¢) TS o)
(55)
with terminal condition
UL, 0) = -2 [ o(,2) (I(Sr. B(=) +5) - o) Py
R (56)
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Let Mo?(t:2) = Srate)

Considering the elliptic operator associated with the state processes given by

1
* 1 * * * * (T B 50—1
»= 3 (M7 ¢)2 + (]\/’.729%))2} 0§,¢, + L0+ Mo <0_—> — M gzb)] o
! (57)
(55) becomes:
252
Uy + Vsg + ¢77+<£*,¢>+<A[1¢, 015D¢w5>+<]\[2¢, 0'2\/_D¢,¢T
o 1g2\? 1,2 (58)
+ < S(r—o1M}¢), s>+ <r— 271 4 2L ) Mig, 9 > =0
o1 o1
With D, the partial derivative with respect to ¢.
By Feynman-Kac representation formula, under regularity assumptions we have ) solution of BSDEs
s S, (/) 7 _
/(Z)Tz St,B(z) + b) — ap) dP;
R T WY R . 0 SO IR TS % SRR
+ t Ty — T + T ZL[pqﬁ) Yo+ Uif—lb[p(é Z, | du
T ~ T ~
/ Zlay} / Z2dY? 0<t<T.
t t
(59)

S=5,r=1, ¢=0p(tz) Yt S.n )= Y:S i

~ 3ot I Tl L M6) | du— 2 /t T2 g 2 d
—_— —=— | M u— = — - u
o P 2 Jo o? P

t o,
U)(t,s, r, (Z)) =€xXp / Ty —
0 01

+/Ot (@—MZ%) dfftl} [( /¢ (S, B ()+5)—a0)de>

Where

]
2 2
T 12 12 T 12
Ty — 5 u -9 1 u -9
o | <_sz1> +<_sz1> M) | an—1 [ <_2201 M;¢> ”
0 o1 o1 2 Jo o7
T 1.2 N
; / (—5“1 - M;qﬁ) dY#} 1S = S, = 1, 0(t,2) = ¢]
Jo o1
(60)

Optimal control in the presence of the option is given by:
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et

) =[( . T
_afp(t,rt,¢(t,z))EK 2 Reb(T, ) (I1(St, B(2) +b) — ag) dpb)

2
T _ 1.2 _ 152\ M
T g T ag
t 01 o1
1.9 ¢
2

% (1,1, 0(t, 2))

+/T ro— o3 Mig(t.: 9(t,
t O-% (t,T,¢(t,Z))

_ 1
a1p(t,re, ¢(t, 2))

_|_

oY
[01575 01; (t, St,re, o(t,

(rn—303)  Mio(t.2)gh(t e, 0t 2))

2

09 le(f Tty ¢(t,2))

0
z»+Mwwa5§

] X5 vt e|0,T)

(61)

) df/tl} [Sp =S, =1,0(t,2) = ¢]

(t, St e, O(t, z))]

In the absence of the option, (S, B(zy)+ B ) = 0 and the function ¢ does not depend on S: therefore, the

optimal control is given by:

(=)

—U%ﬂ(tﬂ't,(é(t?z))ﬁ [(—2/R<z5(T,z) (I(Sy, B() +b) — ao) d]pb>

' 2 r =L (t,r, z
W{KQMC%?3+C%fﬁMWAﬁfW)wm

1/T ru—%a% Mio(t, z)
2 J o? p(t,r

2
% (1,7, 6(t, 2 »)du

 0(t, 2))

1
a Ulp(t‘/ Tt, ¢(t7 Z))

+

2

this time with g solution of the PDE:

07 Ulp(tart7¢(t7 Z))

] XM Ve [0,T)

T fr,—40} Mio(t, z) (t ot 2) -, - B )
+A‘< ot o) ) W (1S=Sm=rot) =0

0 0
1915, 50 11,70, 0(0,2) + M0, G2 1 570000,

(re—103) M o(t, 2) g5 (t, 70, 6(t, 2))

(62)

aa‘/f (1, 8.7, 6) + J;T a;;/’? (t, 5,7, ) +% [(M7é(t,2))? + (M3t - %22";0 RAY
+ oo /FME(L, 2)82(;2(1‘ S, é) + | Lyo(t, 2) + Mio(t, 2) [(T JI%U ([:i)(;(?;)
[ _0%%0%)2 M{*f/b(;z[))(t r—q:) o7)55 T] Dot 5.1 )
with terminal condition

YO(T, S, ,9) = 2006(T2) ) (64)

Under regularity assumptions we have:
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01
T ry — 0% Ty — 4 1 (T (r,— 3102 2
exp / Ty L) 4 | 2| M) du—/ 2L M| du
0 01 o1 2 Jo b
‘T ru—la% -
+/ = = Mg | dY, b [Sp =S =1 0(t,2) = 6
0 01
(65)
In other words
o2r 7“*10'% ? 7“710%
¢0t+%¢ow+<£;@-/wo>+<M§¢, o2v/rDgibo, > + <1 — TQ + TQ Myp, o > =0
1 1

(66)
Theorem 5.1. (Optimal control)
The optimal control i (resp ii°) to the terminal utility maximization problem under partial information (6), (7)(resp
(8)) is given by (61) and (55) (resp by (62) and (63)).

6. Conclusions

Information asymmetry and market efficiency today at the basis of modern market finance theory,
studied respectively by the economists Akerlof, G Nobel Prize in Economics 2001 and Farma, E Nobel Prize in
Economics 2013 raise the question of information and price formation. Unfortunately, the majority of
hedging and pricing methods do not take into account the notion of information. Our contribution in this
article is multiple. On the theoretical level, we contribute significantly to the use of unobservable variables
and to stochastic optimization. On a practical level, in mathematical finance, we highlight the notion of
information and the use of stochastic interest rates in the methods of hedging and pricing of contingent
assets, mainly European options on incomplete markets.

In this work, we have used the CIR short-term interest rate model and a stochastic maximum
principle established with the backward stochastic differential equations for determine the optimal
investment strategies in the risky asset constituting the portfolio of coverage of a European option. This is
done in the presence of the option and in its absence. We assumed that the payoff of the option does not
depend only on the price of the risky asset on the maturity date. But it also depends on uncertain events
related to the market environment. The passage from partial to complete information was done using
Girsanov’s theorem and Zakai’s equation. We have assumed that the management portfolio used for hedging
of this option consists of a risky financial asset and an asset that we have qualified as semi-risky whose price
is a deterministic function of the short-term interest rate that we have assumed to be stochastic. We used as
an interest rate model the CIR model which particularity of not giving negative values. We took as observable
variables the price of the risky asset, the short-term interest rate and like the unobservable one, a variable
representing all uncertain events related to the market environment with the maximum principle established.
we were able to solve the problem of coverage of this contingent asset on risky asset. We have thus given the
optimal amount to invest in risky assets at all times. As prospects, we intend to generalize these results to the
management of a portfolio made up of several financial assets and do digital simulations.

References

1. Akerlof, G, The Market for Lemons: Quality Uncertainty and The Market Mechanism, Quaterly Journal of Economics, 1970 .

2. Bensoussan, A., Stochastic Control of Partially Observable Systems, Cambridge University press ed, Press Syndicate of The University of
Cambridge, 2004 .

3. Bernt, @, Proske,F. and Zhang, T., Backward Stochastic Partial Differential Equations with Jumps and Application to Optimal Control of
Random Jump Fields, Stochastic: An inter. J. Probab. Stoch, Proc, 2005, pp.381-399.

4, Bernt, @. and Sulem, A., Risk Indifference Pricing in Jump Diffusion Markets, Mathematical Finance, 19, 2009, pp.619-637.

5. Biais, B. and Foucault, T, Asymmetric Information and Financial Markets: A Synthesis. L’Actualité Economique, Revue d’Analyse
Economique 69, 1993 .

6. Carmona, R. and Ludkovski, M., Convenience Yield Model with Partial Observations and Exponential Utility, Technical Report, Princeton
University, 2004 .

7. Denuit, M.,, Dhaene, K. ], Goovaerts, KM. and Kaas, R, Actuarial Theory for Dependent Risks Measures, Orders and Models. John Wiley et
Sons Ltd, The Atrium, Southern Gate, Chichester, West Sussex PO19 85Q, England, 2005.

8. Donald, L. B, Pardoux, E. and Sznitman, A.S., Ecole d’Eté de Probabilités de Saint-Flour xix - 1989. In Lecture Notes in Mathematics. ed.
C.-F. Paul-Louis Hennequin Universite Blaise Pascal. Universite Blaise Pascal, Clermont-Ferrand. Springer-Verlag, 1989 .

176



10.

11.

12.

13.

14.

15.
16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

27.
28.
29.
30.
31.
32.

33.
34.

Eckhard, P. and Wolfgang, ]. R, A Benchmark Approach to Portfolio Optimization Under Partial Information, Quantitative Finance
Research Centre, 191, 2007.

Pannequin, F., Les Imperfections de I'Information et la Théorie des Contrats. Cahiers frangais Cahiers frangais. Mathematical Finance,
19 (363), 2011, pp. 619-637.

Garcia, R, The Economic Theory of Information: A Synthesis of The Literature. L’Actualité Economique, Revue d’Analyse Economique
62, 1986.

Gibson, R. and Schwartz., Stochastic Convenience Yield and The Pricing of Oil Contingent Claims. Journal of finance (3)14, 1990,
pp.959-976.

Gozzi, F. and Swiech, A., Hamilton Jacobi Bellman Equations for The Optimal Control of the Duncan Mortensen Zakai Equation. J. Funct.
Anal, 2000 .

Hans, F. and Schweizer, M., Hedging of Contingent Claims Under Incomplete Information, Applied Stochastic Analysis”, Stochastics
Monographs 5, 1991, pp.389-414.

Harrab, S., Can We Still Talk about The Financial Markets Efficiency? Revue du Contréle de la Comptabilité et de I'Audit 3, 2017 .
Haussmann, U. G, L’Equation de Zakai et le Probléeme Séparé du Contréle Optimal Stochastique, In Séminaire de
Probabilité(Strasbourg). ed. Springer., 19, 1985 ,pp. 37-62.

Katia, C,Zehra, E., Riidiger, F. and Michaela, S. Optimal liquidation Under Partial Information With Price Impact. Institute for Statistics
and Mathematics.

Kohlmann, M. and Dewen, X,, The Mean-Variance Hedging of a Default Option With Partial Information, 1991.

Laskry, J. M. and Lions, P.L., Contréle Stochastique avec Informations Partielles et Application a la Finance, C. R. Acad. Sci. Paris 328,
1999,1003-1010.

Lim,T.-S.,, Quelques Applications du Contréle Stochastique aux Risques de Défaut et de Liquidité. PhD thesis. Université Paris Diderot -
Paris VII UFR de Mathématiques, 2010 .

Mania, M., Tevzadze, R. and Toronjadze, T., Mean-Variance Hedging Under Partial Information, 2007 .

Marina, S, Politecnico, D. T. and Mania, M., Exponential Utility Maximization Under Partial Information and Sufficiency of information
work schop finance and insurance ed, 2009.

Mataramvura, S. and Pksendal, B, Risk Minimizing Portfolios and HJBI Equations for Stochastic Differential Games. Stochastics An
International Journal of Probability and Stochastic Processes 80, 2008, 317-337.

Meng, W, Jue, L., Nan,j. H. and Chengdu ., On European Option Pricing Under Partial Information. Applications of Mathematics 61 (1),
2016.

Mignon, V., Les Ambiguités de la Théorie de I’Efficience Informationnelle des Marchés Financiers. Cairn.info 1, 2008, pp.104-117.
Monoyios, M., Optimal Investment and Hedging Under Partial Information Tutorial Lectures for the Session On Inverse and Partial
Information Problems ed. Mathematical Institute, University of Oxford www.maths.ox.ac.uk/ monoyios, 2008 .

Monoyios, M., Optimal Investment and Hedging Under Partial and Inside Information. Mathematical Institute, University of Oxford,
2009.

Pham, H, Optimisation et Contréle Stochastique Appliqués a La Finance vol. 61. Mathématiques et Applications,
http://fribok.blogspot.com/, 2007 .

Runggaldier, W., Optimization Problems in Finance Under Full and Partial Information Tutorial for the Special Semester On Stochastics
ed. University of Padova, Italy www.math.unipd.it/runggaldier, 2008 .

Socgnia, V. K. and Pamen, 0. M, A Maximum Principle for Controlled Stochastic Factor Model, Esaim: Control, Optimisation And
Calculus Of Variations 24, 2017, pp. 495-517.

Ta, T. K. A. and Rubtsov, M., A SPDE Maximum Principle for Stochastic Differential Games Under Partial Information with Application
to Optimal Portfolios on Fixed Income Markets. Dept. of Math./CMA University of Oslo,19, 2007 .

Thépaut, Y., Le Concept d’Information dans I’Analyse Economique Contemporaine. Cairn.info 1, 2006, pp.161 - 168.

Toke, 1. M., Modéles Stochastique des Taux d’Intérét. Ecole Centrale Paris, 2011.

Wissem, B, Anand, N. P. and Faouzi, T., Pricing and Hedging of Asian Option Under Jumps. IAENG International Journal of Applied
Mathematics, 41 (4). 22, 2011.

177


http://fribok.blogspot.com/
http://www.math.unipd.it/runggaldier

